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Abstract 



. . We compare exact results from Pestun's localization [1] of SU{N) Af = 2* gauge 

Qj • theory on S^ with available holographic models. While localization can explain the 

(— I . 

Coulomb branch vacuum of the holographic Pilch- Warner flow [2], it disagrees with the 

holographic Gauntlett et.al [3] vacuum of AA = 2 super Yang-Mills theory. We further 

> ■ 

^ , compute the free energy of the Pilch- Warner flow on S and show that it disagrees with 

^2 ■ the localization result both for a finite S"^ radius, and in the S"^ decompactification limit. 

*^ ■ Thus, neither model represents holographic dual of supersymmetric 5*^ localization 



of [1]. 

April 23, 2013 



Contents 

1 Introduction and motivation 2 

2 Localization of A/^ = 2 gauge theories on S'^ 4 

2.1 Af = 2* gauge theory 5 

2.2 AA = 2 SYM 6 

3 J\f = 2* free energy on S'^ from holography 8 

3.1 Effective action and equations of motion 9 

3.2 J^ via holographic renormalization 13 

4 Conclusion 19 

A Matching M = 2* masses to SUGRA RG flow non-normalizable coeffi- 
cients 21 

B Perturbative solution of (3.11)-(3.15) to order 0{k'^) 21 

1 Introduction and motivation 

Original work of Maldacena [4] established a duality between Af = 4 SU(N) supersym- 
metric Yang-Mills (SYM) theory and type lib string theory. A lot of subsequent work 
was devoted to generalizing the holographic correspondence to non-conformal theories, 
and theories with reduced supersymmetry. Extensions of gauge/gravity correspon- 
dence to gauge theories with eight supercharges (the Af = 2 supersymmetric models) 
play a special role, as they allow for a direct check of the correspondence with the 
field-theoretic Seiberg-Witten solution [5,6]. The two notable examples oi Af = 2 dual- 
ities are the Pilch- Warner [2] (PW) and the Gauntlett et.al [3] (GKMW) holographic 
renormalization group (RG) flows. In the former, one considers a planar limit of Af = 4 
SU(N) SYM at large 't Hooft coupling, deformed hj Af = 2 hypermultiplet mass term 
(the so called Af = 2* gauge theory); in the latter, one starts with the S'^-compactified 
Little String Theory in the ultraviolet, and flows in the infrared to large- A^ Af = 2 
SU(N) SYM. Af = 2 gauge theories have quantum Coulomb branch vacua Adc-, pa- 
rameterized by the expectation values of the complex scalar $ in the Af = 2 vector 
multiplet, taking values in the Cartan subalgebra of the gauge group. For the SU(N) 



gauge group, 

$ = diag(ai,a2,---,«Ar), Y^ai = 0, (1-1) 

i 

resulting in complex dimension of the moduli space 

dime Mc = N-1. (1.2) 

In the large- A^ limit, and for strong 't Hooft coupling, the holographic duality reduces 
to the correspondence between the gauge theory and type lib supergravity. Since 
supergravities have finite number of light modes, one should not expect to see the full 
moduli space of vacua in Af = 2 examples of gauge/gravity correspondence. This is 
indeed what is happening: the PW flow localizes on a semi-circle distribution of (1.1) 
with a linear number density [7], 

°" *-' ' (1.3) 



lm(aj) = 0, aje[-ao,ao]i ci^ 

Sir I r"o 

Pi^-) = — T^ — VaQ-o^, / da p{a) = N , 

m'^Qt^ J -an 



where m is the hypermultiplet mass; the GKMW flow localizes on a circular distribution 
of eigenvalues, centered about the origin with radius uq cx ^/n [3] , 

N r r 

P{a) = 7, 5{\a\-Uo), / d\p{a) = N. (1.4) 

An outstanding question is the mechanism of the holographic localization on the moduli 
space oi Af = 2 vacua in the large- A^ limit. 

A possible mechanism of holographic localization was proposed in [8]^. In [1] Pestun 
pointed out that the partition function of AA = 2* gauge theory on S'^, and some 
supersymmetric observables, can be computed exactly from the corresponding matrix 
model. This S'^ compactification does not twist the supersymmetry — around the 
trivial background the compactified theory does not have zero modes. In the large- A^ 
limit, the gauge theory partition function naturally localizes on the saddle-point of the 
corresponding matrix model, thus providing a selection mechanism for the Coulomb 
branch vacuum in the 5"^ decompactification limit. Such argument indeed explains 
the PW vacuum (1.3), as well as correctly reproduces the holographic computation of 
the supersymmetric Wilson loop in PW geometry [2]. So, does it mean that J\f = 2 



1 See also [9,10] 



PW consistent truncation of type lib supergravity contain large- iV holographic dual 
to Pestun's supersymmetric compactification oi M = 2* gauge theory on S^l 

To answer this question we compute the free energy of the compactified Euclidean 
PW flow on the four-sphere of radius R. Ambiguities of the holographic renormalization 
imply that for mR « 1 only 0(m^R^) (and subleading terms) are renormalization- 
scheme independent. We show that at order 0('m^R^) there is a disagreement between 
the holographic and the matrix model free energies. Such disagreement indicates that 
PW truncation is inconsistent with the M = 2* gauge theory S^ supersymmetries of [1]. 
Still, motivated by the success of [8], the possibility remains that the holographic and 
the matrix model free energies agree in the S'^ decompactification limit. Unfortunately, 
we study the free energy of S'^-compactified PW flow in the limit mR » 1 and find 
that it is in conflict with the matrix model result. Thus, Pestun's localization can not 
explain holographic localization oi M = 2 supergravity flows. The last point is further 
stressed by pointing out that large- A^ localization oiJ\f = 2 SU(N) SYM [9] is different 
from the holographic vacuum localization of GKMW supergravity flow. 

In section 2 we collect relevant localization results for J\f = 2* gauge theory [8], and 
for Af = 2 SYM [9]. While the corresponding matrix model to AA = 2* gauge theory 
localizes on holographic PW vacuum (1.3), it fails to localize on GKMW vacuum (1.4) 
in the case oi Af = 2 SYM. In section 3 we compute the free energy of 5'^-compactified 
holographic PW flow. We compare the results with the matrix model computation. 
We conclude in section 4. 

2 Localization of AT = 2 gauge theories on 5^ 

According to [1], the partition function of AA = 2 gauge theories on S'^ of radius R 
reduces to (A^ - 1) dimensional integral over {oj = UiR} (see (1.1)) of an effective 
matrix model: 
■ for AA = 2* SU(N) gauge theory, Zj^^2*, 

J t^^ Hlcij - a^ - niRjHiaj - a-, + mR) 



i<] 



with A = Qym^'^ 

m for AA = 2 SU(N) SYM, Zsym, 



ZsYM= fd^'-'aYl [{d,-d,yH\d,-a,)] e'"^^^^' [Z-^', (2.2) 



with the running 't Hooft couphng A evaluated at the cut-off set by the 5"^ radius R, [9] : 

47r2 

-ln{AR). (2.3) 



A 

In (2.3) A is the strong couphng scale of the SYM. The function H{x) is expressed as 
an infinite product over the spherical harmonics, 

n=l V " / 

Matrix integrals (2.1) and (2.3) dramatically simplify in the large- A^ limit. First, 
as the instantons are suppressed in the planar limit, we can set \Zinst\ - 1- Second, the 
saddle point approximation becomes exact [11]. 

In what follows, it is convenient to introduce 

K(x) = -(\nH(x)y . (2.5) 

We further set i? = 1 (and drop the caret) — along with m (for Af = 2* gauge theory) 
or A (for the SYM) the S^ radius is the only other dimensionful scale; thus the in- 
dependence can always be restored from dimensional analysis. 

2.1 J\f = 2* gauge theory 

The saddle-point equations derived from (2.1) take form [8,11] 

— Y, I — 2 ^^"'^ ~ ^^^ "^ 2^^'^i -ak + m) + -K(aj - a^ - m) 1 = — a^ . (2.6) 

Assuming^ Im(aj) = 0, a, e [-/i,/i], and introducing a linear eigenvalue density 

1 r t^ 

P(^) = 1^ E ^(^ " ^0 > / dxp{x) = l, (2.7) 

iV j J-^j. 

we find 

ri^ / 1 1 1 \ Svr^ 

f dyp{y)[ K{x-y) + -K{x-y + m) + -K{x-y-m)] = ^x. (2.8) 

J-^l \x-y 2 2 IX 

In the limit^ A ^ oo the solution is given by [8] 



p{x) = — ^V^^-a;2, p = , (2.9) 

-KjJL'^ 2t\ 



^This is justified a 'posteriori. 

■^As emphasized in [10] this limit has an irregular fuzzy fine structure. 



where we restored the i?- dependence. In the S*^ decompactification hmit, i.e., niR -^ oo, 
the distribution (2.9) reproduces the PW vacuum (1.3). 
The free energy T^^l^*-: 

P^%. = -\x^Zm-2*. (2.10) 

can be computed by first differentiating it with respect to va: 



_d_ 
dm 



^mU* = ( 2 S( -^(^« ~ S - m) - K{ai - a^ - m) j | 



2 
The leading contribution in the hmit A -^ oo then becomes [8 
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— :F^__,. - Nm\n ^^-^ , (2.12) 

where 7 = -"0(1) is the Euler's constant. Ensuring that the free energy agrees with 
that of the AA = 4 SYM in the hmit m ^ [9] we find, 

, iV^ , ,, , A(l + m2i?2)e27+| 
^mU* = -^(1 + "^^ ) 1^ ^ ^ • (2-13) 

From (2.13) it is easy to extract the smaU- and large- i? limits: 

\-ni?R^ \n{mR) , {mR » 1) , 

(2.14) 
where we denoted 

In section 3 we compute the free energy of S'^-compactified PW flow. We find that the 
holographic free energy disagrees with (2.13), (2.14). 

2.2 AA = 2SYM 

The saddle-point equations derived from (2.2) take form [9] 

4 E I ^^ - ^(S - ^k)] = ^ S = -2s In A . (2.16) 

^^ k*j yO'j-ak I ^ 



Assuming^ Im(aj) = 0, aj e (-fi,fi), and introducing a linear eigenvalue density as in 
(2.7), we find 

-f^dyp(y)l^—-K(x-y)] = -2x InA. (2.17) 

J-^l \x-y I 

Analytic solutions to (2.17) are available in the limiting cases A « 1 and A » 1 [9]. 

As we will be interested in the S^ decompactification limit, we will focus on the latter 

case: 

p{x) = X ^ ' yU = 2e-i-^Ai?. (2.18) 

Solution (2.18) has to be taken with a grain of salt: 

■ first, the boundary conditions for the eigenvalue density p{x) are not satisfied, i.e., 

limp(x) = 0; (2.19) 

■ second, the S"*^ decompactification limit is problematic, as in this case A ^ 0_ (see 
(2.3)). We return to these points later. 



The free energy T\°'^ 



SYMi 

ioc 



^SYM - - In ZsYM , (2.20) 

can be computed by first differentiating it with respect to A: 

= -2A2 f dx p{x) x^ ^^-^^^ 

leading to 

p°^^ = -2e-2-27jv2A2i?2 ^ i?A » 1 . (2.22) 

We would like to compare matrix model results of [9] reviewed above with the 
holographic computation of GKMW [3]. In the latter holographic RG flow one starts 
with large number of NS5 branes wrapping a 2-cycle in the UV, and flows in the IR to 
SU{N) SYM. The strong coupling scale of the SYM is set by the S'^-compactification 
scale of Little String Theory on the world- volume of the five-branes. Clearly, the field 
theory dual to GKMW fiow at high-energy can not be a SYM. Thus, there is no reason 
to expect that the small 5''^ radius localization results would agree with results from the 



Again, this is justified a posteriori. 



small- i? S'^-compactified GKMW flow. One would expect, however, that the moduli 
space properties of GKMW would agree with the matrix model computations in the 
limit AR -^ cx). Unfortunately, this is not the case: compare (1.4) and (2.18). We can 
identify the disagreement a bit more precisely. Following [3], the probe ^(1) gauge 
coupling r on the GKMW moduli space parameterized by u takes the form 

t{u) ^ I— Inl, (2.23) 

71 A 

where A is the IR cutoff, related to the strong coupling scale of the SYM. The Af = 2 
supersymmetry relates the coupling to the metric on the moduli space as^ 

A^ r , {uR-xf 



l\ r 
t(u) =i — / dxp(x) In- 
7r J 



/ (2.24) 

2N , J^^aW^ + uR ^ ' 

=i In , uR > jj, , 

vr 2/i 

where we used the saddle-point vacuum of the matrix model (2.18). Notice that (2.23) 
and (2.24) agree in the limit u » A, provided we relate 

A = 2e-^-TA, (2.25) 

but disagree in general. This discrepancy might be attributed to the fact that the 
RG equation in the matrix model (2.3) makes sense only up to i? ~ .^, which in turn 
implies that the moduli space coupling (2.24) can be accurate only when evaluated at 
\u\ » ^ ~ A. 

Having established that the Coulomb branch vacua in the saddle-point matrix model 
for SU(N) SYM and the GKMW flow differ, there is no point to proceed with the 
detailed comparison of the corresponding free energies. 

3 Af = 2* free energy on 5^ from holography 

In this section we compute the free energy !F of S''^-compactified Pilch- Warner holo- 
graphic RG flow. We compare the latter with the matrix model result ^^j^^* (2-13) 
— we stress that here, unlike the relation between the Af = 2 SYM and the GKMW 
holographic RG flow, it makes sense to compare the free energies for generic values of 
mR. 



^We use R simply as a dimcnsionful parameter to facilitate the comparison with the matrix model 
result (2.18). 



3.1 Effective action and equations of motion 

The supergravity background dual to S'^ compactification of A/" = 2* gauge tlieory [12] 
is a deformation of the original AdS^ x S^ geometry^ induced by a pair of scalars a and 
X of the five-dimensional gauge supergravity. (At zero temperature, such a deformation 
was constructed by Pilch and Warner (PW) [2]^.) According to the general scenario of 
a holographic RG flow, the asymptotic boundary behavior of the supergravity scalars is 
related to the bosonic and fermionic mass parameters of the relevant operators inducing 
the RG flow in the boundary gauge theory. Based on such a relation, and the fact that 
a and x have conformal dimensions two and one, respectively, we call the supergravity 
scalar a a bosonic deformation, and the supergravity scalar x a fermionic deformation 
of the D3-brane geometry. 

The action of the effective five- dimensional gauged supergravity including the scalars 
a and x is given by 



(3.i: 



s= [ dev^c, 
=rV /^ dev^[\R-Hdar-{dxr-v], 

47rG5 JMt, 
where the potential^ 



16 



i(fi)%(f-r 

3\ da / \ dx I 



\W' (3.2) 



is a function of a and x? and is determined by the superpotential 



W = -e"2" - ie^" cosh(2x) . (3.3) 



In our conventions, the five- dimensional Newton's constant is 



«-5^^l^- (^^^' 



The action (3.1) yields the Einstein equations 



4 
R^u = I2d^adya + Ad^x^uX + ^9tivV , (3.5) 



6 With S^ slicing of AdS^ — see [13]. 

^See [7, 14] for the gauge theory interpretation of the PW geometry. 

^We set the five-diniensional gauged supergravity couphng to one. This corresponds to setting the 
radius L of the five-dimensional sphere in the undeformed metric to 2. 

9 



as well as the equations for the scalars 

^dV IdV 

To construct the S^ compactification of the Pilch- Warner flow, we choose an ansatz 
for the metric respecting 150(5) rotational invariance 

dsl = cj{r) {dS^)\ dr\ (3.7) 

where {dS'^) is a round metric on S^ of unit radius. With this ansatz, the equations 
of motion for the background become 

x" + x'(lnc9'-^^ = 0, (3.8) 

c'; + c[ (Inc?)'-- +^CiP = 0, 

C 1 O 

where the prime denotes a derivative with respect to the radial coordinate r. In addi- 
tion, there is a first-order constraint 

{a'f^\{x'f-\v-{{\nc,yf + ^^=Q. (3.9) 

It was shown in [12] that any solution to (3.8) and (3.9) can be lifted to a full ten- 
dimensional solution of type lib supergravity. This includes the metric, the three- and 
five-form fiuxes, the dilaton and the axion. In particular, the ten-dimensional Einstein 
frame metric is given by Eq. (32) in [12]. 

For S'^-compactified fiow, we find it convenient to introduce a new radial coordinate 
X as follows : 

x(r) = ci(r), xe[0,+oo). (3.10) 



10 



With this new coordinate, the background equations of motion (3.8) become 

= p" - 4x(-14Vc^ + p^'^x^c^ - IQp^x^c^ - 2p^^x'^c^ + p^^x^ 

- IQx^c" - 16p6x2c2)(p')3/(p'(-16p6a;2c2 - I92p^c'' - IQx^c" + p'^x^c^ - IGp^x^c^ 

- 2p'^x^c^ + p'^x^)) - {-32p'x^c^ + 16x^c' - 192p^c' + 5p'^x^c^ - 32p'x^c' 

- lOp^^x^c^ + 5p^^x^){p'f/{p{-l6p'^x^c^ - 192p4c^ - IGx^c^ + p'^x^c^ - lep^x^c^ 

- 2pi22.2^4 ^ ^12^,2^^ ^ {l/3){-2A0p^x^c'^ - 2A0x^c^ + Ibp^^x'^c^^ - 2A0p^x^c^ 

- SOp'^x^c"^ + Ibp'^x^c" - Aic'fp'^x^ - 2304p4c6 + U{c'fp^x^^ + ^7Qp\c'fc^x'' 
+ 64(c')'cV + 8(c')2cVx^ + 64(c')'cV^a:4 - A{c'Yc^p^^x^)p' j^xc^-lQp'^x^^ 

- 192p4c^ - IQx^d' + p'^x^c^ - 16pVc6 - 2pi2x2c^ + p^^x^)) + {A/3)p{-x^p^\c'f 

- Gp'^c' + 3p'^c^ + 3p'^c''^ + 24c6 - 12p6c^ - 12p'c^ - Sx^c'^c^ - x'^p'^c'fc^ 

+ 2x V(c')'c^ + Ax^p^c'fc"^ + Ax^p%c'fc^)/{c\-lQp'^x^c^ - 192p^c'' - IQx^c" 
+ p^^x'c^ - IQp'x'c' - 2p''x^c* + pi2a;2)) , 

(3.11) 

= c" - (4/3)x(-144p^c^ + p^^x^c^ - IGp^x^c^ - 2p'^x^c^ + p'^x^ - IQx^c^ 

- 16pVc2)(c')V(c'(-16p^a;2c2 - 192p^c4 - IQx^d' + p'^x^c^ - IQp'^x^c^ - 2p'^x^c^ 
+ pi2a;2)) - (-32p6x2c6 + 3p'^x^c^ - 192pV - IGx^c" - 2p^^x^c^ - p^^x^){c'f/{c{ 

- Wp'x^c' - 192p^c' - IGx^c^ + p'^x^c^ - 16p'x^c' - 2p'^x^c^ + p'^x^)) - (SOcVa;^ 

- 64c^(p')'a;^ - Sc^x" + IQc^p^^x^ + SOc^p^x^ + SOc^p^x^ - 5p^^x^ + 768p^c* 

- 576cV^(p')'a;2 - QAc^p'fx^p"^ - 8c^(p')'xV + Ac^p'fx^p'^ - QAc^p'fx^p"^ 

+ 4(p')'xV)c7(p'a;(-16p6x2c2 - 192p4c^ - IQx^c^ + p'^x^c^ - IGp^x^c^ - 2p'^x^c'' 
+ p'^x^)) + 6p'c{8p^c^ - 8p^c' + p^^ -pU x^p\p'f + 8x^c\p'f - 8x^c\p'f 

- x^p^c%p'f)/{-l6p'^x^c^ - 192p^c* - IGx^c" + p'^x^c^ - IGp^x^c^ - 2p'^x^c' 
+ p^'^x^) , 

(3.12) 

where the prime now denotes a derivative with respect to x, and we further introduced 

pEe", cEe^. (3.13) 

We demand that a physical RG flow should correspond to a background geometry 
without naked singularities. To ensure regularity, it is necessary to impose the following 
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(eg -1-lk) 





Figure 1: (Color online) RG flow coeflicients {rQ,CQ} as a function of k (blue curves). 
The green curves represent perturbative approximations (3.18) to orders 0{k'^) and 
0{k^) correspondingly; the red curves represent full perturbative approximations 

(3.18). 



asymptotic conditions: 

■ at the origin, i.e., as x ^ 0+, 



p = r°o + 0(x^), c = c°o + 0(x^), 



(3.14) 



with r^c'^ i^ 0; 

■ and at the boundary, i.e., as ?/ = - ^ 0+, 

c = l^yc%^\y'{c%f + y'c% [c^o ^ [a + ^{c%f^ Iny) + (9(yMny) 



(3.15) 



The asymptotic coefficients c\ g and r\ ^ are related to masses of the bosonic and 
fermionic components of AA = 2* hypermultiplet. The precise relation can be estab- 
lished as in [15] (see Appendix A for specific details): 



•^1,0 



k 



o 



k = rriL . 



(3.16) 



Given k (and thus c\q and r\^ via (3.16) ) there is a unique nonsingular RG flow 
specifled by 

1^0 5^0 ,'''1 )C2o| • (3-1') 
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1,0 



(4,0 - 2) 




Figure 2: (Color online) RG flow coefficients {r\ q, c^ q} as a function of k (blue curves). 
The green curves represent perturbative approximations (3.18) to order 0{k'^)] the red 
curves represent full perturbative approximations (3.18). 

While it is difficult to construct analytic solutions to (3.11)-(3.15) for generic k, 
and thus determine (3.17), it is possible to do so perturbatively in k. We find^ 



r° = l- —e + —k* r° + 0(fc6) , 
^2 iQ 0,4 V y> 

c". = l + -k+ —e - — P 

° 6 72 648 31104 

r% = \k^ + ^k^r%^,^0{k'), 
D Id 

<o-2 + ip + lfc4 4o,5 + C?(^'), 



'0,4 
11 .. 1 



0.0178(5), 



k' + ^k^cl,^0{k'), 



--0,5 



-0.0003(2), 



1,0,4 



0.1333(3) 



o 



2,0,5 



-0.0542(2). 



(3.18) 



Furthermore, the solution can always be found numerically, using the 'shooting method' 
introduced in [16]. Results of the latter numerical analysis are presented in Fig. 1 and 
Fig. 2. 

3.2 J^ via holographic renormalization 

Following gauge-gravity correspondence, the free energy T of the boundary theory 
is given by the Euclidean gravitational action of its holographic dual Se- As usual, 
ultraviolet divergences in the field theory in computing J^ are reflected in the infrared 
divergences of the dual gravitational bulk geometry. Both must be regularized and 



^We illustrate the solution to order 0{k^) inclusive in Appendix B. 
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renormalized. In the context of PW flow the holographic renormalization has discussed 
in details in [17,18]. Below, we present the necessary details. 

Let Tc be the position of the boundary, and S^ be the Euclidean gravitational 
action on the cut-off space 

limS'J^ = SE, (3.19) 

where Se is the on-shell Euclidean version of (3.1). Using equations of motion (3.8), 
the regularized action takes form 

Notice that the integral contribution in (3.20) arises entirely from S'^ curvature. Besides 
the standard Gibbons-Hawking term 



S, 



I 



GH 



-vol(S' )v/isV^n 



1 



{ciirry 



YOl(S') , 



(3.21) 



we supplement the combined regularized action (5'^'= + Sgh) by the appropriate bound- 
ary counterterms which are needed to get a finite action. These boundary counterterms 
must be constructed from the local metric and {a = lnp,x} scalar invariants on the 
boundary dM^, except for the terms associated with the conformal anomaly which 
include an explicit dependence on the position of the boundary [17, 18], 



S' 



counter 



4nG, 
+ lne 



vol(5^) c^{r,y 



3 1 1 2 o 2 3 a^ 
- + - Ra4, + - y^ + 3 a + - - — 

4 4*2^ 2 ne 



[l^s^x' + lx'-l [Rs^ ^M^ -^Rl^jYc 



^ambiguity 



(3.22) 



C 



ambiguity 



Si 



a^ 



a 



+ S2X +^3 Rs^ X + (^4 Rgi + ^5 ] — Rs^ ■ 

\n^ e * In e 



Here Rs-i and Rs4. ij are the S'^ Ricci scalar and tensor; the coefficients {5y5^} param- 
eterize ambiguities of the holographic renormalization scheme. The conformal anomaly 
terms depend on the position of the boundary; we choose to parameterize this position 

by the physical quantity 

1 

--Ci{r,)-\ (3.23) 



The counterterms (3.22) are fixed in such a way that the renorma/«2;e(i Euclidean action 
Ie is finite 

\Ie\ < 00 . (3.24) 



lim I I 



Ie^ lim [S'^ + Sgh + S 



counter I 
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In what follows we construct each term in (3.24) explicitly. Since the RG flow is 
parameterized by x, (3.10), we use the same coordinate in computing Ie- Starting 
from (3.9), 

where the prime denotes derivative with respect to x, we find 

^dx^\ ^ (3^(^)2^(^)2 _ Sx^c{xy{p'{x)y - X^p{xf{c'{x)fy' 

X (ip(x)^x^ ^ 3pixrc{xr + ^^ - <-rp(^y'^' ^ \c(xrp(xrx^ 



c(xyp{xy^x'^ p(xy^x 



2 



32 64c(x)2 



(3.26) 



Denoting Xc = x{rc) and using vol{S*) = 87r^/3, we rewrite (3.20) as 



(3.27) 



Notice that using (3.26), both J'l and ^2 are expressed through x radial coordinate. 
Also, given (3.23), e = x^^. Using asymptotic expansions (3.14) and (3.15) we find 

J- _ ^singular rrfinite 
1 = Jl + Ji , 

+ 2r?,,r?,o + ^W,i)') In 6, (3-28) 

jf^nue ^ 1^,^^^,^^ ^ lic%rci, + lirl.y + (rl.r + ^ic%r + i(c?,o)^ - ^ 



where we explicitly separated the singular and the finite parts of J7i as e = x^^ -^ 0. Note 
that both j^'^'^9'^ "-^ and j/^ ™ ^ receive contribution only from the boundary. Unlike 
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J7i, J2 can not be computed in closed form analytically. Here we find: 

rr _ rrsingular rr finite 
J2 - 02 + >-'2 ' 

^singular 3 f^l" , [^ 4(Ciq) +12^ 3 ^ /„/ ft ^2 . ^m .3 






-(.-IMZ^)). 

Next, we represent GH term (3.21) as 



Sgu - 7T7;~ 1^3 ) Jz- ~2x 



Idxyr) \ 
\ dr j 



(3.29) 



(3.30) 



3^5 

Using (3.14) and (3.15) we find 

rr _ rrsingular ^finite 
Js = Js + Js , 

jsingular ^ _^-4 _ (hcl^f + 2 j e'^ - 4(ri^ J' l^' 6 

- (srVti + 2(rti)^ + 8(c?,o)^ + ^(c?,o)') Ine , (3.31) 

J3^-^- = -2rl,rl - 2(cto)^4,o - ^(clo)^ " ^(cto)^ - ^(r?,i)^ - 4(rto)^ + 2 
+ C(e2ln3e). 
Finally, 

Qcounter _ rr rr — rrsingular rr finite rr finite,amhiguity 

^ - ITTT >-'4 ) Ji = J ^ + J4 + J4 1 

Jr"-'^" = le-' + (3 + liclo?) e-' + Sirir In^ e 

+ (8(clo)' + 2(clo)' + 6 + ^{rl,r + 6rVti) Ine, (^.32) 

Jt''' = HrUr + (clo)'4,o - lic%r + 3rtorti + 0{\n-' e) , 
^^™te,a™;>.,«tj, ^ 5i{r\^^f + 52(ci,o)' + 1253(ci,o)' + 144^4 + C(ln-i e) . 

Note that irrespectively as to whether or not supersymmetry is preserved along the 
RG flow, i.e., t\^ = \{c\ qY — see (3.16), all the singularities in Ie cancel: 

Q 

rrsingular rrsingular rrsingular rrsingular _ ^ /q qo\ 

J. ^ O TT C\ V ' 
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Collecting the finite pieces (and accounting for (3.33)), we find 

27r 



3G. \' ^ r'"--- ^{'^-1) (--m)^ - «»)^ (i2^"= - 54,0 - 5) 



(■52 - \) «»)' + M4«4 - m, rl + lim J/""" j , 



where Si are renormalization scheme-dependent ambiguities. For supersymmetric RG 
flows (see (3.16)) we have 

^2^/ ^ /I _ 1 6 i 6 ] p _ Aa;4 + lim J-f ™*'^'| 
^ 3^5 \ V 8 8 2'° 4 ^'V 192 e^o^2 j 

^ jsusy, ambiguity jsusy, ambiguity _ _£^r/\ _^ A ^.2 _,_ /I i,4\ 

3^5 

where ^j are ambiguity (purely numerical — mass independent) coefficients. Notice 
that an immediate consequence of (3.35) is that from the dual gravitational perspective, 
j^sy jg ambiguous up to an order-two polynomial in (mLy. 

In section 3.1 we constructed perturbative in k, and fully nonlinear in k, gravita- 
tional RG flows corresponding to compactiflcation of AA = 2* gauge theory on S'^. In 
the rest of this section we outline perturbative computations of J|f^^ to order 0{k'^), 
present perturbative results to order 0{k^) inclusive^°, and also present full nonper- 
turbative in k results. 

Using (B.4)-(B.6) and (3.26), we flnd 

3 ri ./dx(r)y^ 3^5 ^ . , 1 /A;\V 24 .I 

/ X I — ; — = + 6 arcsmh- + — = arctanh — = 

2Jo \ dr ) 2 2 V2M ,/5 Jb 



1 19^5 l\ 

+ 12 arctanh— ;= + 2 arcsinh- + Oik'^) , 

V5 10 2; ^ '' 



lim 



3 r'l^ , / ,(dx{T)\-' /^^_4(4o)2 + 12' 



i"'-(^i^r-( 



2 Ji \ \ dr ) \ 3a; 



9 3V5 

-- + 

2 2 



, 1 (k\^(2A ,2 1 .. ,1 7 19V5\ ,^,,4, 

6 arctanh— ;= + — — ;= arctanh — ;= - 14 arctanh— ;= + + 0{k ) , 

^/5 V2/ U/5 ^/5 ^/5 2 10 / ^ ^' 



leading to 



V5 V2; \V5 V5 v^ 2 10 / 

(3.36) 

ltoj/»- = -^-I(^)\ (3.37) 
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As wc emphasized in (3.35) this is the first renormahzation scheme-independent contribution to 



jSusy 
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{mRy 



Figure 3: (Color online) Blue curves represent free energy T of the holographic PW 
flow compactified on S'^ of radius /?, see (3.35), in the scheme with T 



susy , ambiguity 



0. 



The red curve in the left panelis perturbative in {mRy approximation to !F, see (3.39). 
The red curve in the right panel is the best fit to data with the ansatz (3.42). 



Further using (3.35) we find 

2% 



jsusy 



36-5 



'-^5(^)\0(*'))./ 



susy , ambiguity 
E 



A straightforward, albeit tedious computation extends (3.38) to order 0{k^): 



27r 
jSusy _ ^" 

^ ^3g: 



;-5-er-ier-'(5r-H-^ 



susy , ambiguity 
E 



Xe =0.10696(3). 
From (3.39), the leading unambiguous contribution to P^^^ - T is 

T = — I ambiguous + X6("^-R)^ + 0{{mKf) 



11 



(3.38) 



(3.39) 



(3.40) 



Given numerical solution to RG flow of A/" = 2* gauge theory on S"^ as discussed in 



susy , ambiguity 



0. 



section 3.1, we can evaluate its free energy (3.35) in the scheme with X- 
Results are presented in Fig. 3. Blue curves represent ^ as a function of (mRy. The 
red curve in the left panel is perturbative in {m,Ry approximation to ^, see (3.39). A 
polynomial fit of 30 first points to a blue curve produces 



_6_ 



T 



-1.5 - 5.0(mi?)2 - 0.749996(mi?)^ + 0.106829(m/2)^ + 0{{mRf) , (3.41) 



/it 
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We use (3.4), and L = 2, i? = 1 to express the results in gauge theory variables. 



in excellent agreement with (3.39). The red curve in the right panel is the matrix model 
motivated fit to data (see (2.13)): 



iV2 ^ 



= JS + JP"i (mRf + J^2 (rriRy + JS (1 + (mRf )\n(l + {niRf) , 
f^t (3.42) 

JS = -2.00(7), JP"i = -0.18(3) , JS = -0.02(8), J^g = -0.36(9) . 

We used 2000 points in the fit. 

We would like to compare (3.41) and (3.42) with the matrix model result (2.13). 

As we emphasized earlier, while the holographic free energy T is ambiguous, these 

ambiguities are completely parameterized by a second-order polynomial in (mRy. A 

choice of the latter polynomial is equivalent to a choice of the renormalization scheme. 

Thus, for mR « 1 the leading unambiguous coefficient is that of (mRy, i.e., N'^XqJQ. 

Since 

-Xe * — , (3.43) 

6 12' ^ ' 

where the RHS is the matrix model prediction (2.14), we conclude that S'^-compactified 
PW flow can not represent a holographic dual to Pestun's large-A^ matrix model [1] 
for arbitrary values of mR. 

Is it possible to recover the holographic result in the S^ decompactification limit? 
Holographic renormalization scheme generically differs from the scheme implicit in the 
matrix model computation. To account for possible differences, we ffi the large mR 
data points of the holographic free energy with the ansatz (3.42). Notice that the 
coefficients {^or''-^2} encode the generic scheme dependence, on top of the expected 
result ^j/^2*' (2-13). Since 

^3*-^, (3.44) 

where the RHS is the m,R » 1 matrix model prediction (2.14), we conclude that 
Pestun's large- A^ matrix model [1] can not reproduce the decompactification limit of 
the PW fiow on S^. 

4 Conclusion 

In this paper we address the question whether matrix model localization method de- 
veloped by Pestun for AA = 2 gauge theories can be used to explain the selection of the 
Coulomb branch vacuum in holographic M = 2 renormalization group fiows. We focus 
on two examples: the J\f = 2* RG fiow [2], and the KG fiow to the SYM [3]. While in 
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the former case the matrix model correctly identifies the PW vacuum [8], the matrix 
model analysis [9] fails to reproduce the GKMW vacuum — there is an agreement 
though in the extreme high-energy limit, i.e., at energy scales much higher than the 
compactification scale set by the S^ radius. A possible reason for the discrepancy in 
the SYM case can be attributed to the fact that the matrix model saddle-point in the 
S'^ decompactification limit is unphysical, as it is identified in the regime with negative 
running gyj^ coupling. 

Further detailed comparison demonstrates that the free energy of the S'^ compact- 
ified PW fiow presented here disagrees with the matrix model computation reported 
in [8]. The disagreement occurs both for mR « 1 and in the decompactification limit 
mR » 1. We argued that disagreement can not be an artifact of the (potential) differ- 
ence in holographic and matrix model renormalization schemes. 

It is important to understand a reason why the five- dimensional PW effective action 
[2], which represents a consistent truncation of type lib supergravity [12], and agrees 
(at least in the asymptotic boundary region) with the holographic rules of constructing 
massive deformations of AA = 4 SYM, apparently, does not contain a holographic fiow 
dual to Pestun's Af = 2* S^ supersymmetric compactification. If there is a different 
(unknown as advocated in [10]) gravitational dual, how precisely is it different from the 
PW model? We believe that resolving this issue will lead to a deeper understanding 
of non-conformal holographic RG flows. 
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A Matching M = 2* masses to SUGRA RG flow non-normalizable 
coeflicients 

PW solution [2] represents a gravitational dual to AA = 2* gauge theory on R^'^. Given 
appropriate metric ansatz, 

dsl = Ci{r)\dR^'')^ + dr\ (A.l) 

solutions of supersymmetric RG flows from effective action (3.1)-(3.3) can be parame- 
terized as [2] 



Cl 



sinh(2x) 



.2.0.A 1^ sinh(x) 



(A.2) 

p' = cosh(2x) + sinh^(2x) In ^^^^ , 

cosh(x) 

where the single integration constant k is related to the hypermultiplet mass m ac- 
cording to [7] 

k = mL = 2m. (A.3) 

Introducing a new radial coordinate as in (3.10), the leading boundary, i.e., y = -^ ^ 0+, 
asymptotics of the flows (A.2) are given by 

p=l + — P l2\n- + l + 2\ny]y^ + 0{y^ln^y), 

1 1 ' 1 i k \ ^^-4) 
e^ = c=l + - y k+ - k"^ y"^ + y^ k^ — I 8 In - + 1 + 8 In y 1 + 0(l/^ In y) . 

2 8 48 \ 2 / 

Matching (A. 4) with (3.15) we identify 

clo = \ , rl, = U\ (A.5) 

B Perturbative solution of (3.11)-(3.15) to order 0{k'^) 

It is straightforward to solve (3.11)-(3.15) perturbatively in 0{k'^). Speciflcally, assum- 
ing 

c(2/) = l+E(2) ^(")*^^)' ^(2^) = l+E(yJ Pi.2n){y), (B.l) 

with the asymptotic boundary conditions 

C(„) {y) = 61 y + 0{y^), p^^n) {y) = 6lyHny + 0{y^) , (B.2) 

21 



and regularity as a; -^ 0+, we find from (3.11)-(3.12) two sets of ODEs: 

_ 3 + 8y^ , 3 

='(") " ,(1 + V) '(") ^ ,2(1 + V) '(") ^ '^^'^ ' ,^ ^^ 

3 + 8y^ , 3 ^ ^ ^ 

where the source terms at order n, i.e., Sc^n and Sp^n, are functionals of solutions at 
previous orders. To order 0{k'^) inclusive we find 

C(i) = y \/l+4]f -Ay^ arctanh , (B.4) 

^l+V 

C(2') = 8 v^ arctanh — , - 4 -y'^vl + Ay"^ arctanh — , + -y"^ + 2,'^ , (B.5) 

P(2) = y^ - yVl + 4|/^ arctanh^ . (B.6) 

V 1 + V 
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